SOLUTIONS TO SELECTED QUESTIONS IN HOMEWORK 19
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14.1.8
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0,0” + 20 = 0. By periodicity, @(0 + 2m) = @(). This implies 1 = n?, and ® = Cy cosnd + C, sinnb,n =

Proof. The equation is % + 52+ = 0. By separation of variable, you get two ODE’s r’R” +rR’— AR =
0,1,2,---. The solution to the ODE for R will then be R = D1r" + Dor™" forn > 0,and R = Dy + D;Inr

for n = 0. The solution will have the form

u(r,0) = (Ag + Bolnr) + Z(A,,r” cosnf + B,r " cosnf + C,r'"* sinnf + D,r™" sin nf)

n=1

Then letr = a we getug = Apo+Bo Ina+ ), [(A,a"+B,r™") cos nf+(C,b"+D,a™") sinnb], so Ag+ By Ina = uy,
n=1

Apa" + Bya™ = 0,Cd" + Dpa™ = 0forn > 0. Letr = b we get Ag + Bolnb = uy, A,d* + B,b™" =

0,C,b" + Db~ =0 forn > 0.

Combine those equations we get A, B, Cy,, D, all must vanish for n > 0. Forn = 0, we get Ag+ Bplna =

up, Ao+ Bolnb = uy, so Ag = 2 }E Z:i‘n' Clln“, By = 215 Therefore the solution is
upIlnb —ujlna uoy — uq up(lnr —Inb) —u;(Inr —Ina)  wuylIn(r/b) — uy In(r/a)
u(r, ) = + Inr= =
Inb-1Ina Ina—-Inb Ina—-Inb In(a/b)
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0, ®” + A® = 0. By the Neumann boundary condition, we have ®(0) = 0,0(3) = 0. Therefore the

Proof. The equation is = 0. By separation of variable, you get two ODE’s r’R” +rR’— AR =
eigenvalues are A = 4n2,n=0,1,2,---,and ® = Ccos2nb. Forn > 0, R = C;7"* + Cor 7", but it has to be
bounded at » = 0, thus C; = 0. Forn = 0, R = C; + C, Inr, for the same boundedness reason, C, = 0.

Therefore the solution has the form

u(r,0) = Ag + Z A, cos 2n6

n=1
1
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Let r = ¢, we get u(c,0) = Ag + Y, A,c” cos2nf. Calculate the Fourier cosine series we get Ay = A—IL,A,,C" =
n=1

nlf, SOA, = m‘g. Therefore the solution is
1« V2
u(r,0) = il Z p— 1" cos 2nf
n=1
O
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Proof. The equation is ‘;% + % ‘;—’j + riz ‘;27‘2‘ = 0. By separation of variable, you get two ODE’s r’R” +rR’— AR =

0, ®” + 10 = 0. By periodicity, ®(f + 27) = @(6). This implies A = n%, and ® = C cosnd + C sinnf, n =
0,1,2,---. The solution to the ODE for R will then be R = Dr" + Dpr " forn > 0,and R = Dy + D Inr
forn = 0. Forn > 0, R = Cir" + Cpr™", but it has to be bounded at r = 0, thus C, = 0. For n = 0,

R = C; + Cy Inr, for the same boundedness reason, C, = 0. Therefore the solution has the form

u(r,0) = Ag + Z A,r" cosnb + B,r" sin nf

n=1

Let r = 1, we get f(6) = Ao + 3, A,cosnf + B, sinnb, therefore Ag = 11 [*" f(6)do = L [ f(6)df,
n=1

and A, = }T fozn f(6) cosnbdo, B, = }T f02ﬂ f(0) sin n6d6l. Therefore the solution is

1 27 S 1 271 1 27
u(r, 6) = 7 f f(0)do + Z —(f f(0) cos n8dd)r" cos nf + —( f(0) sin nfdO)r" sin n
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